The classical Fourier's law fails in extremely small and ultrafast heat conduction even at ordinary temperatures due to strong thermodynamic nonequilibrium effects. In this work, a macroscopic phonon hydrodynamic equation beyond Fourier's law with a relaxation term and nonlocal terms is derived through a perturbation expansion to the phonon Boltzmann equation around a four-moment nonequilibrium solution. The temperature jump and heat flux tangential retardant boundary conditions are developed based on the Maxwell model of the phononboundary interaction. Extensive steady-state and transient nanoscale heat transport cases are modeled by the phonon hydrodynamic model, which produces quantitative predictions in good agreement with available phonon Boltzmann equation solutions and experimental results. The phonon hydrodynamic model provides a simple and elegant mathematical description of non-Fourier heat conduction with a clear and intuitive physical picture. The present work will promote deeper understanding and macroscopic modeling of heat transport in extreme states.
I. INTRODUCTION
With the rapid development of advanced technologies in recent years, there have been extensive studies on extremely small and ultrafast heat conduction [1] [2] [3] . The exploration of lowly and highly thermal conductive nanomaterials respectively for thermoelectric [4, 5] and micro/nanoelectronics cooling [6, 7] applications requires a deeper understanding of the heat conduction at an extremely small spatial scale. On the other hand, the short-pulse laser heating machining [8, 9] involves the mechanism of heat conduction during an ultrafast time scale. The classical Fourier's law is no longer valid in these systems and processes due to strong thermodynamic nonequilibrium effects, as the characteristic length and time become comparable to or smaller than the mean-free path and relaxation time of heat carriers.
To treat non-Fourier heat conduction, there have been usually three categories of theoretical approaches: microscopic, mesoscopic, and macroscopic methods [3] . The microscopic method mainly includes the ab initio (first-principles) calculation [10, 11] and molecular dynamics simulations [12, 13] , which are usually limited to relatively small structures and simple systems. The current main trend is the mesoscopic method based on a solution of phonon Boltzmann equation supplemented with phonon properties from microscopic methods [14] [15] [16] [17] . In spite of much progress in microscopic and mesoscopic modeling of non-Fourier heat conduction, researchers have not stopped looking for a macroscopic description based on a heat transport equation similar to Fourier's law [18] [19] [20] [21] . Macroscopic methods provide not only a clear and intuitive physical picture, but also an elegant and unified mathematical description. Among the existing branches of macroscopic methods, the phonon hydrodynamic model is the * Corresponding author: mrwang@tsinghua.edu.cn most promising one since it is a natural and direct production from the phonon Boltzmann equation [3] .
The study of phonon hydrodynamics began in the middle years of the last century during the exploration of heat waves in dielectric crystals [22] . The Guyer-Krumhansl (G-K) phonon hydrodynamic equation was derived from the phonon Boltzmann equation with the eigenvalue analysis method [23, 24] , and later obtained in the framework of nine-moment phonon hydrodynamics [25, 26] and the Chapman-Enskog expansion [3] ; however it is merely restricted to the low-temperature situation where nonresistive phonon normal scattering plays a major role. To meet situations in actual applications, the G-K equation has been recently adapted to model non-Fourier heat conduction in nanostructures often at ordinary temperatures through an analogy between phonon flow and high-Knudsennumber gas flow [19] . The phonon hydrodynamic model provides an effective approach to understand heat conduction in nanosystems from the fluid mechanical perspective [27] [28] [29] [30] , and has also been verified to be compatible with the second law in extended irreversible thermodynamics [31] [32] [33] [34] . Yet there still exists a theoretical gap between this phenomenological phonon hydrodynamic model and more fundamental phonon kinetic theory as the resistive phonon scattering mostly dominates at ordinary temperatures [3, 35] . On the other hand, the heat flux boundary condition for the G-K equation was directly borrowed from the velocity slip boundary condition for highKnudsen-number gas flow neglecting the difference between phonons and molecules [19] . Some efforts have been made to derive macroscopic heat transport equations from the phonon Boltzmann equation based on a hypothetical division of the phonon spectrum into a ballistic part and diffusive part [36] [37] [38] . A Hilbert-like asymptotic solution is given to the phonon Boltzmann equation around the equilibrium distribution [39] , where the near-continuum heat transport with kinetic effects by boundary inhomogeneity is modeled via the extended Fourier's description with jump-type boundary conditions and Knudsen layer corrections. This continuum model does not treat the kinetic effects in a spatially homogeneous material with temporal and spatial thermal variations at a characteristic dimension comparable to or even smaller than the phonon relaxation time and mean-free path [39] . The classical maximum entropy moment method is applied to derive macroscopic equations for phonon heat transport at room temperature in a recent study [40] , which involves governing equations of at least 63 moments to reach satisfactory results. It will be inconvenient for practical applications due to the nontrivial solution of so many equations as well as the specification of both initial and boundary conditions for the higher-order moment variables.
In this work, we will develop a macroscopic hydrodynamic equation, together with the nonequilibrium boundary conditions, of phonon transport in a confined space rigorously for non-Fourier heat conduction at ordinary temperatures. The feature of our derivation is a perturbation expansion around the nonequilibrium distribution obtained by the maximum entropy principle, such that this macroscopic model is capable of describing both the temporal and spatial thermodynamic nonequilibrium effects in nanoscale heat transport. The remainder of this article is organized as follows: The theoretical derivation of the phonon hydrodynamic equation from the phonon Boltzmann equation is provided in Sec. II. The nonequilibrium boundary conditions of heat flux and temperature for the phonon hydrodynamic equation are developed in Sec. III. In Sec. IV, classical non-Fourier phonon heat transports including both the steady-state and transient cases are modeled to demonstrate and validate the present phonon hydrodynamic model. Concluding remarks are finally made in Sec. V.
II. PHONON HYDRODYNAMIC EQUATION

A. Phonon Boltzmann equation
The quasiparticle picture is established for phonons when heat conduction takes place in a dielectric crystal with a characteristic length much larger than the dominant phonon wavelength [41] . The transport behavior of phonons is thus described by the phonon Boltzmann equation similar to the classical Boltzmann equation for rarefied gas [42] :
where f ≡ f (x,t,k) is the phonon distribution function, with f (x,t,k)dxdk denoting the probabilistic number of phonons found within the spatial interval (x,x + dx) and wave vector interval (k,k + dk) at a specific time t. The phonon group velocity v g denotes the energy propagating speed of the lattice wave and is determined from v g = ∇ k ω as long as the phonon dispersion relation ω = ω(k) is available.
The scattering term C(f ) in Eq. (1) evaluates the variation of phonon distribution function due to phonon scattering processes which include mainly two categories: normal scattering (N process) and resistive scattering (R process). The energy conservation is ensured for both kinds of processes while the quasimomentum of phonons is conserved only in the N process. The full expression of the scattering term is extremely complex due to the nonlinear nature of phonon scattering processes. One common simplification is Callaway's dual relaxation model [43] , which assumes that the N process and R process restore the phonon distribution function separately to a displaced Planck distribution and a Planck distribution. Callaway's model is widely applied in studying the classical phonon hydrodynamics in low-temperature dielectric crystals [25, 26, 44, 45] , where the N process dominates over the R process. As we focus on non-Fourier heat conduction at ordinary temperatures where the N process is negligible except for the very special carbon materials [46] [47] [48] [49] , the single-mode relaxation time approximation is adopted for the phonon scattering term. In this way, the phonon Boltzmann equation becomes [1] ∂f ∂t
where the equilibrium distribution function for the R process is the Planck distribution:
withh = h/2π the reduced Planck constant and k B the Boltzmann constant. The phonon relaxation time τ R and phonon group velocity v g are often dependent on the phonon frequency. This kind of spectral dependency complicates the solution of Eq. (2), which usually has recourse to numerical schemes such as the discrete ordinate method (DOM) [50] and Monte Carlo (MC) method [51] . It is a difficult task to develop a unified hydrodynamic model considering the phonon spectral properties which are diverse for different materials [39, 40] . To capture the common features of non-Fourier heat conduction, the following assumptions are made as a first step [3] : (i) the isotropic assumption, in which phonon properties in one crystalline direction are representative of those in the whole wave vector space; (ii) the gray assumption, in which three identical acoustic phonon branches are considered with an effective constant relaxation time, with negligible contribution from the optical phonon branches; (iii) Debye's assumption, in which the linear phonon dispersion relation ω = v g k is adopted.
B. Balance equations of energy density and heat flux
The phonon hydrodynamic model is a macroscopic method based on field variables defined as the statistical average of the phonon distribution function:
with e, q, and Q denoting the phonon energy density, heat flux, and flux of heat flux, respectively. Note that the integration over wave vector space has included the summation over the three phonon branches throughout the present work. Multiplying the phonon energy quantahω on both sides of Eq. (2) and integrating over the wave vector space, we acquire the balance equation of energy density:
The right-hand side of Eq. (5) vanishes because of the energy conservation during phonon scattering. Through a similar procedure by multiplying the phonon microscopic variable v gh ω, we get the balance equation of the heat flux:
The Planck distribution has no contribution to the right-hand side of Eq. (6) since the isotropic equilibrium distribution yields no heat flux.
Equations (5) and (6) are exactly the four-moment field equations of the phonon Boltzmann equation. To have a closed description of phonon transport, the flux of heat flux Q has to be specified in terms of the four basic field variables (e and the three components of q), which constitutes the closure problem in kinetic theory. Two well-known methods have been established to complete the closure in classical gas kinetic theory: the Chapman-Enskog expansion method [52] and Grad's moment method [53] . The Chapman-Enskog expansion to the Boltzmann equation successfully recovers the Navier-Stokes-Fourier equations within first order whereas it gives rise to unstable hydrodynamic equations within second or higher order [52, 54] . The Grad's moment method provides an approach to obtain stable higher-order hydrodynamic equations. But there are still several drawbacks to Grad's moment method, which limit its crucial applications [54] . Within about the last ten years, an approach termed the "regularized moment method" (R13 moment method) has been proposed and widely applied in modeling nonequilibrium gas flows [54] [55] [56] . The R13 moment method combines the advantages of the Chapman-Enskog expansion method and Grad's moment method, overcoming some drawbacks of each [55] . Its main idea is a Chapman-Enskog expansion around the Grad's thirteen-moment nonequilibrium distribution rather than the usual local Maxwell-Boltzmann equilibrium distribution [54, 57] . As a result, the R13 equations are capable of modeling the nonequilibrium high-Knudsen-number gas flow. Inspired from the R13 moment method, we propose to accomplish the closure for phonon transport through a perturbation solution to Eq. (2) around a four-moment nonequilibrium phonon distribution obtained by the maximum entropy principle. Therefore the derived phonon hydrodynamic equation will be able to describe the strong thermodynamic nonequilibrium effects in nanoscale heat transport.
C. Four-moment nonequilibrium distribution
The maximum entropy principle is applied to derive a nonequilibrium phonon distribution dependent on the four basic field variables of phonons. The main idea of this principle is to resolve the distribution function through a maximization of entropy density under the constraints of specified field variables [25, 26] . In a mathematical view, the problem reduces to maximizing the following functional:
where the first right-hand term denotes the kinetic expression of phonon entropy density [41] , β and γ i being the Lagrange multipliers for energy density and heat flux, respectively. The extremum conditions of the functional Eq. (7) include
Equations (9) and (10) represent exactly the specified energy density and heat flux, whereas Eq. (8) gives rise to the four-moment nonequilibrium distribution:
where the subscript 4 in the phonon distribution function represents its dependence on the four basic field variables. At equilibrium state, the heat flux and its corresponding Lagrange multiplier vanish, such that Eq. (11) should reduce to the Planck distribution Eq. (3). Thus the Lagrange multiplier for energy density is specified as β = 1/T . For the nonequilibrium state, Eq. (11) is further linearized when heat transport is not too far away from the equilibrium state:
The Lagrange multiplier in Eq. (12) is determined through evaluating heat flux based on the second formulation in Eq. (4):
Under the gray Debye assumption made in this work, Eq. (13) gives the Lagrange multiplier for heat flux as
Therefore, the four-moment nonequilibrium distribution is obtained by substituting Eq. (14) into Eq. (12):
With the help of Eq. (15), the closure problem for the balance equation of heat flux is completed. Putting Eq. (15) into the kinetic definition of the flux of heat flux in Eq. (4), we acquire its explicit expression in terms of the energy density:
with I denoting the unit tensor. Substituting Eq. (16) into Eq. (6), we obtain the Cattaneo-Vernotte (C-V) type heat transport equation [34] :
Therefore, Eq. (17) consider a further perturbation expansion around the fourmoment nonequilibrium distribution Eq. (15) . In other words, we seek a higher-order approximation to the flux of heat flux in Eq. (16) . A generalized heat transport equation beyond the C-V type one will be derived.
D. Higher-order approximation
The higher-order approximation to the flux of heat flux Q is derived from its balance equation, which is obtained by multiplying the phonon microscopic variable v g v gh ω on both sides of Eq. (2) and integrating over the wave vector space:
with the flux of Q being a third-order tensor and defined as
Before a regular perturbation expansion, Eq. (18) is rescaled as
The theoretical foundation for the scaling in Eq. (20) comes from the scaling of the phonon Boltzmann Eq. (2), which can be nondimensionalized into the following form [58] :
where all the variables with the "star" superscript denote the dimensionless variables, with Sr and Kn the Strouhal number and Knudsen number, respectively [58] . In the classical Chapman-Enskog expansion to the Boltzmann equation, the hydrodynamic equations are derived in the limit of a very small Knudsen number (Kn < 0.01). For the transport process with strong nonequilibrium effects considered in the present work, the Knudsen number could be finite. Nevertheless, the development of the phonon hydrodynamics is restricted to the situation where the Knudsen number is smaller than 0.3 as will be shown later. Therefore, the Knudsen number can still be approximated as a small parameter, and is adopted for the ε in Eq. (20) . Two Knudsen numbers will be introduced in this work: the spatial Knudsen number defined as the ratio of phonon mean-free path to the characteristic length, and the temporal Knudsen number defined as the ratio of phonon relaxation time to the characteristic time. A similar approximation was also made in the regularized moment method for high-Knudsen-number gas flow [55] , where the small parameter ε is used to represent the order of magnitude of each term and will be set to unity at the end of the perturbation expansion:
Substituting Eq. (22) into Eq. (20), we obtain terms at each order of magnitude on the small parameter respectively:
The zeroth-order approximation of Q ij in Eq. (23) 
where the zeroth-order approximations for Q and the flux of Q are evaluated at the phonon distribution function f 4 as
Therefore the first-order approximation of Q ij is acquired by substituting Eq. (26) into Eq. (25):
Combining the zeroth-order approximation Eq. (23) and first-order approximation Eq. (27), we get the explicit expression for the flux of heat flux Q:
Higher-order approximate terms for the flux of heat flux are thus derived in the form of the gradient of heat flux, which is crucial for modeling nanoscale heat transport. Actually, such terms have been called the nonlocal terms to describe the size effect in several previous phenomenological macroscopic heat transport models [19, 20, 59] . However, a rigorous derivation of them from the phonon Boltzmann equation has been seldom reported. This work aims to remedy this gap by providing a theoretical ground for the nonlocal terms in macroscopic models. The phonon hydrodynamic equation is achieved by substituting the flux of heat flux Eq. (28) into the balance equation of heat flux Eq. (6):
The average mean-free path in Eq. (29) is fully expressed as = v g τ R .
Since it uses the same field variables as the traditional Fourier's description, the present hydrodynamic model avoids the complexity of classical moment methods involving the governing equation of higher-order moments [25, 26, 40] . Comparing to the C-V type heat transport Eq. (17), Eq. (29) contains also nonlocal terms of heat flux, which are the key ingredients to capture the spatial nonequilibrium effects in extremely small heat conduction. In comparison to 035421-4 the Fourier's law, the other relaxation term of heat flux in Eq. (29) aims at capturing the temporal nonequilibrium effects in ultrafast heat conduction. In the diffusive limit where both relaxation and nonlocal effects are negligible, Eq. (29) reduces exactly to the Fourier's law.
The preceding derivation of Eq. (29) at the level of the moment equations has a counterpart in view of the phonon distribution function. The perturbation expansion around f 4 gives rise to the phonon distribution function as
Substituting Eq. (15) into Eq. (30), we obtain the expression of the phonon distribution function:
Equation (31) is exactly the nonequilibrium phonon distribution function corresponding to the phonon hydrodynamic equation (29) . It can be checked that Eq. (31) recovers precisely the energy density e, the heat flux q, and the flux of heat flux Eq. (28), respectively. Furthermore, the derived nonequilibrium phonon distribution Eq. (31) is dependent on the field variables and their gradients, in a different way from that as a function of local field variables in the classical Grad's type moment method [25, 26, 40, 44] . In contrast to the second-or higher-order Chapman-Enskog expansion solution with higher-order gradient terms of field variables as a source of instability [52] , the present closure method yields a nonequilibrium phonon distribution involving only first-order gradient terms ensuring a stable hydrodynamic equation. Finally, a comparison is made between the phonon hydrodynamic equation (29) and classical phonon hydrodynamic equations in low-temperature dielectric crystals. The G-K equation obtained with the eigenvalue analysis method is [23, 24] τ R ∂q ∂t
A phonon hydrodynamic equation with one slightly different coefficient in nonlocal terms of heat flux was derived through the maximum entropy moment method in the limit of small relaxation time of the N process (τ N ) [25, 26] :
The tiny coefficient difference between Eq. (32) and Eq. (33) has been explained in the framework of ChapmanEnskog expansion in our recent work [3] . Although the two equations have a similar mathematical form to Eq. (29), the underlying heat transport mechanisms are very different. The nonlocal terms of heat flux in the classical phonon hydrodynamic equations (32) and (33) originates from the nonresistive phonon normal scattering. They represent the transfer of phonon quasimomentum through the momentumconserving normal scattering, with the same physical meaning as the viscous term in the Navier-Stokes equation for gas flow. In contrast, the nonlocal terms of heat flux in the present phonon hydrodynamic equation (29) are representative of the spatial nonequilibrium effects from phonon-boundary scattering or large spatial thermal variation. As a result, the G-K heat transport equation is usually suitable for heat transport in bulk dielectric crystals in low-temperature situations [23] [24] [25] [26] 60, 61] , while the present phonon hydrodynamic equation (29) is developed for nanoscale heat transport at ordinary temperatures. To have a complete mathematical description, the nonequilibrium boundary conditions of heat flux and temperature are developed for the phonon hydrodynamic equation in the following section.
III. NONEQUILIBRIUM BOUNDARY CONDITIONS
In non-Fourier heat conduction at ordinary temperature, there are mainly two macroscopic manifestations from thermodynamic nonequilibrium effects: (i) the reduction of tangential heat flux near an adiabatic surface due to enhanced phononboundary scattering, as shown in Fig. 1(a) ; (ii) the noncontinuous temperature distribution near an isothermal surface due to insufficient phonon-boundary interaction and thermalization, as shown in Fig. 1(b) . The temperature jump and velocity slip boundary conditions have been fully established to describe the noncontinuous temperature and velocity distributions in high-Knudsen-number gas flows [62] . A phenomenological heat flux slip boundary condition was directly borrowed from the gas velocity slip boundary condition [19, 63] . However, the gas flow and phonon flow are quite different; for instance, the gas velocity vanishes at the wall ("non-slip") in the continuum regime wherein the phonon heat flux remains a finite value ("finite-slip" or "infinite-slip") as predicted by 035421-5 the Fourier's law [3] . The tangential heat flux reduces near the adiabatic boundary as the surface imposes retardancy on the phonon flow. Thus we propose a heat flux tangential retardant (HFTR) boundary condition for phonon flow in confined space. The essential difference between the HFTR boundary condition and velocity slip boundary condition will be further elucidated through the case of in-plane transport in Sec. IV A 1. On the other hand, the terminology "temperature jump boundary condition" is still used since the temperature jump in phonon flow holds almost the same physical picture as that in high-Knudsen-number gas flow. Both the HFTR and temperature jump boundary conditions are developed for the phonon hydrodynamic equation in this section.
Our derivation is based on the principle in classical kinetic theory [53, 64] in which the boundary condition for a specific macroscopic field variable (the corresponding microscopic variable φ) is derived through the balance equation of its flux at the boundary [64] :
with , − , + denoting the whole wave vector space, the hemispherical wave vector space with k · n < 0, and the hemispherical wave vector space with k · n > 0, respectively. n is the surface unit normal vector as shown in Fig. 1 . As long as the expressions of the distribution function of incident phonons (f − ) and reflecting phonons (f + ) are known, Eq. (34) relates the field variables of phonons near the surface to those at the surface, exactly the boundary conditions. The distribution function of incident phonons is available from the nonequilibrium solution Eq. (31) in Sec. II D. The distribution function of reflecting phonons is related to that of incident phonons through the phonon-surface interaction model. The most common Maxwell model is adopted here [65] :
where k ≡ k − 2(n · k)n denotes the wave vector of phonons experiencing specular scattering, and s is the specularity parameter, with s and 1 − s denoting the portion of phonons experiencing specular scattering and diffuse scattering, respectively. The thermalizing diffuse scattering is considered in Eq. (35) which assumes that the incident phonons leave the boundary after reaching thermal equilibrium with the surface. Although the nonthermalizing diffuse scattering is discussed in some recent literature [26, 66] , we choose the thermalizing one due to both its simple formulation and wide applications in Boltzmann equation modeling of phonon heat transport [1, 16, 67, 68] . In addition, later we will show that the difference between mesoscopic diffuse scattering schemes is smoothed out after an upgrade of the level of description to macroscopic one. The present macroscopic model can still produce consistent results with the Monte Carlo simulation using the nonthermalizing diffuse scheme for heat conduction through thin films with adiabatic lateral surfaces.
A. Heat flux tangential retardant boundary condition
To derive the boundary condition for heat flux, the phonon microscopic variable φ = v gh ω is put into Eq. (34) . As shown in Fig. 1(a) , we consider a steady-state phonon transport parallel to an adiabatic surface under a uniform temperature gradient such that the heat flux depends merely on the coordinate y. In this case, Eq. (34) The distribution function of phonons incident on the surface is obtained from Eq. (31):
The distribution function of phonons leaving the surface is determined from Eq. (35):
The first term on the right-hand side of Eq. (36) is resolved by substituting Eq. (37) inside and integrating over the hemispherical wave vector space:
The second term on the right-hand side of Eq. (36) 
One also has the constitutive relation for the flux of heat flux at the boundary from Eq. (28):
A combination of Eq. (41) and Eq. (42) results in the HFTR boundary condition:
It is seen that the surface heat flux is proportional to the gradient of heat flux near the surface. For the special case of a fully diffuse surface often considered in engineering (s = 0), Eq. (43) reduces to
The present derivation based on a straight surface can be extended for curved surfaces, where Eq. (43) is generalized to
with ∇ n denoting the local gradient along the surface normal direction.
B. Temperature jump boundary condition
To derive the boundary condition for temperature (energy density), the phonon microscopic variable φ =hω is substituted into Eq. (34) . As shown in Fig. 1(b) , a one-dimensional (1D) steady-state phonon transport normal to an isothermal surface is considered. In this case, Eq. (34) reduces to
(46) Based on the energy conservation principle, one has vanishing divergence of heat flux: ∂q x /∂x = 0. Therefore, the distribution function of phonons incident on the surface is reduced from Eq. (31) as
with T p denoting the temperature of phonons in the vicinity of the surface. The distribution function of phonons leaving the surface is specified from Eq. (35) as
with T w denoting the temperature of the heat source. The first term on the right-hand side of Eq. (46) is resolved by putting Eq. (47) inside and integrating over the hemispherical wave vector space:
The second term on the right-hand side of Eq. (46) is resolved by substituting Eq. (47) and Eq. (48) inside and then integrating over the hemispherical wave vector space:
In deriving Eq. (49) and Eq. (50), the following correlation has been used:
which can be obtained through the following relations after partial integration over the solid angle:
The upper limit of the wave number in Eq. (52) 
where e(T w ) − e(T p ) ∼ = C V (T w − T p ) has been assumed within first-order Taylor expansion when the heat transport is driven under a relatively small temperature difference. One also has the constitutive relation for the heat flux at the boundary from Eq. (29):
The combination of Eq. (54) and Eq. (55) gives rise to the temperature jump boundary condition as
It is seen that the temperature jump at an isothermal surface is proportional to the temperature gradient near the surface. For the special case of a fully diffuse heat source (phonon blackbody) often considered in engineering applications (s = 0), Eq. (56) reduces to
The temperature jump boundary condition Eq. (57) for the fully diffuse case has been obtained in a recent work through an approximate solution to the one-dimensional steady-state phonon Boltzmann equation [69] . Nevertheless, the present result Eq. (56) is more general than the previous one Eq. (57) . Furthermore, we provide a consistent framework for developing the boundary conditions for both heat flux and temperature.
IV. RESULTS AND DISCUSSION
In this section, the phonon hydrodynamic model developed in Sec. II and Sec. III is extensively validated with both steady-state and transient nanoscale heat transport at room temperature. Steady-state cases will be investigated in Sec. IV A including in-plane and cross-plane phonon transport through thin film and phonon transport through nanowire. Transient cases are investigated in Sec. IV B including the 1D transient phonon transport across thin films, the high-frequency periodic heating of a semi-infinite surface in a frequency domain thermoreflectance (FDTR) experiment [70, 71] , and the heat conduction in a transient thermal grating (TTG) experiment [16, 72] for the measurement of thermal properties of nanostructures. The analytical solutions of the phonon hydrodynamic model are obtained and compared to the solutions of the phonon Boltzmann equation or experimental results.
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A. Steady-state nanoscale heat transport
In-plane phonon transport through a thin film
For the in-plane phonon transport shown in Fig. 2(a) , a uniform temperature gradient −dT /dx is exerted along the thin film with an arbitrary surface specularity parameter s from 0 (fully diffuse) to 1 (fully specular). The Fuchs-Sondheimer model originally proposed for in-plane electron transport has been extended to in-plane phonon transport [1] . In this model, the analytical solution of the steady-state phonon Boltzmann equation with the Maxwell boundary condition Eq. (35) is obtained as [16, 67] 
where the deviation of the phonon distribution function from the equilibrium distribution is introduced as g = f − f eq R . θ and ϕ denote the zenith angle and azimuthal angle, respectively, for characterizing the direction of phonon motion as shown in Fig. 2 . The heat flux distribution is obtained by substituting Eq. (58) into the second formulation in Eq. (4):
where the directional cosine is μ ≡ cos θ and the dimensionless coordinate and heat flux are defined respectively as Y ≡ y/d and q
. The spatial Knudsen number is defined as the ratio of the phonon mean-free path to the thin-film thickness:
The effective in-plane thermal conductivity of the thin film is acquired through an integration of the local heat flux along the cross section:
where λ b = λ is the bulk thermal conductivity. Substitution of Eq. (59) into Eq. (60) results in the effective in-plane thermal conductivity of the thin film [1] :
where ξ = 1/Kn l is the inverse of the spatial Knudsen number. The in-plane phonon transport through the thin film is also modeled by the phonon hydrodynamic equation (29) , which reduces to
The boundary conditions for this second-order ordinary differential equation of heat flux include the HFTR boundary in Sec. III A and the symmetrical boundary along the center line of the thin film:
The heat flux distribution is resolved through a solution of Eq. (62) with the help of boundary conditions Eq. (63):
where the dimensionless variables and parameters are the same as those in Eq. (59) . The effective in-plane thermal conductivity of the thin film is achieved by putting Eq. (64) into Eq. (60):
The comparison of cross-sectional heat flux distributions for in-plane phonon transport is shown in Fig. 3 , where an overall good agreement is achieved between the present hydrodynamic modeling results and the Boltzmann equation [16, [73] [74] [75] [76] , whereas the dashed line and solid line represent respectively the solutions of the gray phonon BTE [16] and the present phonon hydrodynamic model with a median-thermal-conductivity phonon mean-free path m = 441 nm [72, 77] . The solid line with the cross symbol denotes the solution of the spectral phonon BTE [16] .
film agrees well with the Fuchs-Sondheimer model, as shown in Fig. 4(a) . It is also seen that the spatial nonequilibrium effect decreases with increasing value of the specularity parameter, which can be explained by a larger effective thin-film thickness for a smoother surface. In all, the phonon hydrodynamic model gives appreciably accurate results at a spatial Knudsen number smaller than about 0.3, i.e., up to the slip regime and early transition regime. The result of the phonon hydrodynamic model is further compared to the experimental measurement of thermal conductivity of silicon thin films at room temperature [16, [73] [74] [75] [76] , as shown in Fig. 4(b) , where a global agreement is acquired. A fully diffuse scheme is used for phonon-boundary scattering at the thin film surface [16, 67] . The phonon spectral property is taken into account by introducing an effective "median-thermal-conductivity MFP," m , which is defined as the MFP of phonons larger than m contributing to 50% of the bulk thermal conductivity from the phonon MFP spectra [72, 77] . The phonon MFP spectra of silicon at room temperature have been reconstructed by different experimental or computational methods, which produce a range of values for m . The results by the ab initio method ( m = 547 nm) and the molecular dynamics simulation ( m = 335 nm) have been recommended as the most two accurate ones [77] . Therefore, we adopt the value of median-thermal-conductivity MFP of phonons m = 441 nm as an average of the two results. The adopted value of the median-thermal-conductivity MFP is also consistent with that (∼0.5 μm) in Ref. [72] , where m has been suggested as a more useful parameter in analyzing the onset of size effects in thermal conductivity.
Through the present study, some essential differences are inferred between the nonequilibrium effects and hydrodynamic modeling in micro/nanoscale gas flow and phonon flow. As is known the Fourier's law and Navier-Stokes equation describe well the behaviors of heat and fluid flow in the continuum regime. For gas flow in the slip regime and early transition regime, the Navier-Stokes equation can still provide an appreciably good prediction of the velocity profile when supplemented with velocity slip boundary conditions including first-order and second-order ones [62] , as shown in Fig. 5(a) . In comparison, once phonon heat transport deviates from the continuum (diffusive) regime, the Fourier's law no longer works in capturing any tiny amount of reduction of heat flux near an adiabatic surface. The correction of the constitutive heat transport equation is crucial for an adequate description of phonon flow in a confined space. In other words, the nonlocal terms of heat flux in Eq. (29) are indispensable for modeling phonon transport in the slip regime and early transition regime as shown in Fig. 5(b) . This difference in hydrodynamic modeling originates from the underlying different microscopic dynamics of gas molecules and phonons. Gas molecules obey the classical Maxwell-Boltzmann statistics and the total momentum is conserved during moleculemolecule scattering [52] . In the gas Poiseuille flow shown in Fig. 5(a) , the momentum transfers from the internal molecules to the molecules near the wall and is finally destructed by the wall. Therefore, a vanishing macroscopic gas velocity at the wall is observed in the continuum regime, where the Navier-Stokes equation with the non-slip velocity boundary condition works well [62] . Phonons are instead bosons obeying the quantum Bose-Einstein statistics with the total momentum not conserved during phonon-phonon umklapp scattering at ordinary temperature [1, 41] . In the phonon flow shown in to introduce uniform resistance throughout the medium so that the heat flux profile becomes a flat one in the diffusive regime, as predicted by Fourier's law. When coming to the micro/nanoscale transport, the physical picture thus becomes diverse. The rarefied interaction between gas molecules and the wall at the micro/nanoscale makes the destruction of molecule momentum insufficient at the wall, which induces a macroscopic gas velocity slip at the wall. However, the boundary shortens the free path of nearby phonons within the Knudsen layer, which induces a further resistance to phonon transport besides the intrinsic resistance by umklapp scattering and thereafter a reduced heat flux at the boundary. The present analysis also corroborates why the "heat flux tangential retardant" (HFTR) boundary condition is introduced in place of the "slip" boundary condition in Sec. III A for nanoscale phonon heat transport.
Cross-plane phonon transport through a thin film
For the 1D steady-state cross-plane phonon transport shown in Fig. 2(b) , the phonon Boltzmann equation Eq. (2) is rewritten into the equation of phonon radiative transfer (EPRT) [50] :
where the phonon intensity is defined as:
dω, with the equilibrium phonon intensity
dω. D(ω) is the density of phonon states per unit volume around per unit frequency interval. We consider two isothermal heat sources with partially diffuse and partially specular surfaces. The boundary conditions Eq. (35) for Eq. (66) become
The numerical solution of Eq. (66) with the fully diffuse isothermal boundaries [s = 0 in Eq. (67)] has been given in the classical monograph [1] . A semianalytical series expansion method was recently developed to solve the frequencydependent phonon Boltzmann equation for cross-plane heat transport with a variety of isothermal boundary conditions [78] . As the gray phonon transport is considered in the present work, we follow the general idea for the fully diffuse case in Ref. [1] and provide the numerical solution of Eq. (66) with an arbitrary value of specularity parameter s in Eq. (67) .
The general solution of Eq. (66) is obtained through the integration along its characteristics [1] :
where the dimensionless coordinate is defined as η = y/ , and the inverse of the spatial Knudsen number is ξ = 1/Kn l = d/ . For the fully diffuse isothermal boundaries (s = 0), I + (0,μ) and I − (ξ,μ) are known from the equilibrium distributions at the temperature of hot and cold sources as I + (0,μ) = I eq (T h ) and I − (ξ,μ) = I eq (T c ). For the partially diffuse and partially specular isothermal boundaries (s = 0), they are determined from Eq. (67) and Eq. (68) (details are shown in the Appendix A):
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where the dimensionless energy density has been defined as e * (η) ≡
e(η)−e(T c ) e(T h )−e(T c )
. The function G(η) and integral kernel F (η ,η,μ) are denoted fully as
The temperature distribution across the thin film is related to the energy density distribution as (Y) = e * (η), with ≡ 
where the dimensionless heat flux is defined as q
. The effective cross-plane thermal conductivity is defined as
, and related to the dimensionless heat flux as
The cross-plane phonon transport through the thin film is also modeled by the phonon hydrodynamic equation Eq. (29), which reduces to the classical Fourier's law since the nonlocal term of heat flux vanishes because of the energy conservation principle: dq y /dy = 0. Thus the temperature differential equation becomes
with the boundary conditions obtained from Eq. (56):
The temperature distribution is then achieved through a solution of Eq. (76) with the boundary conditions Eq. (77):
where the dimensionless coordinate and temperature have the same definitions as those in phonon Boltzmann equation solutions. The heat flux across the thin film is derived from q y = −λdT /dy as
The effective cross-plane thermal conductivity of the thin film is acquired from Eq. (79) as
The comparison of temperature distributions in cross-plane phonon transport is shown in Fig. 6 increasing Kn l due to the thermodynamic nonequilibrium effect. In addition, a larger temperature jump is obtained at an elevated surface specularity parameter of the heat sources, as induced by less sufficient phonon-boundary thermalization and larger thermal resistance. Therefore, in contrast to the inplane transport, the effective cross-plane thermal conductivity decreases as the specularity parameter increases, as shown in Fig. 7 . In all, the phonon hydrodynamic model produces very accurate temperature distributions at a spatial Knudsen number smaller than about 0.3. On the other hand, the heat flux is predicted still very well when Kn l reaches as high as 5 or even larger, which has also been obtained in lattice Boltzmann modeling of the same case [79] . Furthermore, the present model provides a much more efficient approach to the cross-plane heat transport which requires otherwise a very complicated numerical solution of the phonon Boltzmann equation. The phonon hydrodynamic model gives a simple analytical solution as well as a clarified interpretation of the boundary nonequilibrium effects.
Phonon transport through a nanowire
For phonon transport through a nanowire as shown in Fig. 8 , a uniform temperature gradient −dT /dx is exerted along the nanowire with a lateral surface specularity parameter s. The Boltzmann equation solutions have been already obtained for the same electron transport problem [80] , where the radial heat 035421-13 
where the dimensionless radial coordinate and heat flux are defined respectively as r * ≡ r/R and q
, with the spatial Knudsen number Kn l = /R. The effective thermal conductivity of the nanowire is therefore obtained as [80] where κ is related to the inverse of the spatial Knudsen number as κ = 2/Kn l .
This phonon heat transport is also modeled by the phonon hydrodynamic model Eq. (29) , which reduces to
Equation (83) is a second-order ordinary differential equation of heat flux, which needs two boundary conditions:
The general solution of the Bessel equation (83) is q x (r) =
, where the zeroth-order Bessel function is defined as
The first boundary condition in Eq. (84) has been naturally satisfied. The coefficient C 1 is determined from the second boundary condition in Eq. (84), and the radial heat flux distribution solution is acquired as
where the first-order Bessel function is defined as
The effective thermal conductivity of the nanowire is obtained through integrating the heat flux over the whole cross section:
0 q * (r * )r * dr * , which gives rise to the following result when putting Eq. (85) inside:
The radial heat flux distributions and effective thermal conductivity of phonon transport through the nanowire are shown in Fig. 9 and Fig. 10 , respectively, where comparisons are made between the present hydrodynamic modeling results and Boltzmann equation solutions. An appreciably good agreement between them is achieved at a spatial Knudsen number smaller than about 0.3. Similarly to in-plane phonon transport through a thin film, there is a heat flux reduction near the lateral surface at increasing Kn l due to the thermodynamic nonequilibrium effect. The amount of reduction is larger at a smaller surface specularity parameter, resulting in a smaller effective thermal conductivity as seen in Fig. 10 .
B. Transient nanoscale heat transport
1D transient phonon transport across a thin film
For the 1D transient phonon transport across a thin film shown in Fig. 11(a) , the thin film is initially at a uniform temperature T c . Suddenly the left-hand side of thin film comes in contact with a hot source at a constant temperature T h > T c , while the right-hand side comes in contact with a cold source at a constant temperature T c . Boltzmann equation for this problem has been obtained by the discrete ordinate method (DOM) in previous work [36, 81] . For a convenient comparison, we use an efficient energy-based deviational Monte Carlo method [51, 82] to solve the phonon Boltzmann equation.
This transient phonon transport problem is also modeled by the present phonon hydrodynamic model, with the heat transport equation (29) and energy balance Eq. (5) reducing to respectively
where the dimensionless time, spatial coordinate, temperature, and heat flux have been introduced separately as
, and the spatial Knudsen number is defined as Kn l = /d. A temporal Knudsen number is introduced as the ratio of phonon relaxation time to characteristic time: Kn t = τ R /t (the inverse of dimensionless time). The dimensionless temperature differential equation is obtained by combining Eq. (87) and Eq. (88):
The dimensionless initial conditions for Eq. given as
A Laplace transform method is applied to solve Eq. (89), where the Laplace transform of temperature distribution is (X; p) = ∞ 0 (X,τ ) exp(−pτ )dτ , with p being a complex parameter. In this way, the partial differential equation (PDE) Eq. (89) of (X,τ ) reduces to an ordinary differential equation (ODE) of¯ (X; p) in terms of the spatial coordinate X. The analytical solution of dimensionless temperature distribution in the frequency domain is obtained when supplemented with the Laplace transform of boundary conditions Eq. (90). The dimensionless temperature distribution in the real domain is then computed through an inverse Laplace transform via a Riemann-sum approximation [83] . After obtaining the solution of temperature distribution evolution, the heat flux distribution evolution is related to the former based on the Laplace transforms of Eq. (87) and Eq. (88). The mathematical details of the solution of the phonon hydrodynamic model for 1D transient phonon transport across a thin film are provided in Appendix C. To demonstrate the advantage of the present hydrodynamic model, we also include the analytical solutions of the classical Fourier's law and C-V type heat transport law for comparison. The analytical solution of Fourier's law can be found in Ref. [79] whereas the analytical solution of the C-V law is obtained also by the Laplace transform method. Another well-known non-Fourier model for ultrafast heat conduction, the dual-phase-lag (DPL) model [18, 83] , is not included here for comparison because it involves two empirical phase lags which have usually to be determined by adjusting to experimental data of the thermal response [3] .
The temporal evolutions of temperature distribution and heat flux distribution across the thin film are shown in Fig. 12 and Fig. 13 , respectively. When the thin-film thickness is large such that the spatial Knudsen number is vanishingly small, both the phonon hydrodynamic model and the C-V law recover the Fourier's solutions, as seen in Fig. 12(a) and Fig. 13(a) . With decreasing film thickness and increasing spatial Knudsen number, the Fourier's law becomes no longer available due to the thermodynamic nonequilibrium effects from both spatial and temporal aspects. At the early heating stage (a finite temporal Knudsen number), there is a large temperature jump at X = 0 caused by the insufficient interaction between the hot source and thin film due to both short time duration and small space dimension, as shown in Figs. 12(b)-12(d) . The temperature jump at X = 0 gradually decreases with time because of the temporal accumulation of the thermalization between the hot source and thin film. The temporal nonequilibrium effect vanishes when the process reaches the final steady state, with merely the spatial nonequilibrium effect left. Therefore, the temperature jump on both sides of the thin film reduces to the value in steady-state cross-plane phonon transport through the thin film in Sec. IV A 2. The C-V type law shows an improvement over the Fourier's law in capturing the front of the heat propagation attributed to the relaxation term of the heat flux, yet it reduces to the Fourier's law in the steady state. In contrast, the present phonon hydrodynamic model describes well these non-Fourier features and provides good predictions consistent with the Monte Carlo solutions of the phonon Boltzmann equation, as 
High-frequency periodic heating of a semi-infinite surface
For the phonon transport in high-frequency periodic heating of a semi-infinite surface shown in Fig. 11(b) , the medium is initially at a uniform temperature T ∞ . Suddenly, the left-hand side surface comes in contact with a heat source with a cosine temperature variation versus time. After a sufficiently long time, the system reaches a quasisteady state independent of the initial condition. A fully diffuse surface is considered for the heat source. The solution of the phonon Boltzmann equation for this problem has been recently obtained by a two-flux method, which gives the temporal evolution of the temperature distribution at the quasisteady state as [71] (X,τ )
where the dimensionless time and spatial coordinate is defined as τ = t/τ R and X = x/ , with the dimension-035421-17 
where the dimensionless heat flux is defined as q * (X,τ ) ≡ q x (x,t)/v g C V T , and the parameter tan φ 2 = c sin ψ/(1 − c cos ψ). In the low-frequency limit with negligible temporal nonequilibrium effect, the Boltzmann equation solutions Eqs. (91) This periodic heating problem can be also described by the present phonon hydrodynamic model, with the heat transport equation (29) and energy balance Eq. (5) reducing to respectively ∂q * ∂τ + q * = − 1 3
where the definitions of dimensionless variables are the same as those in Eq. (91) 
The dimensionless initial conditions for Eq. (95) are τ = 0, = 0, ∂ /∂τ = 0. For the boundary conditions, the temperature jump ones are taken into account:
Again a Laplace transform method is applied to solve Eq. (95), with the mathematical details given in Appendix D.
We compare the results of phonon hydrodynamic model to both the phonon Boltzmann equation solution and the Fourier's solution. The amplitude of periodic oscillation of dimensionless temperature distribution throughout the semi-infinite medium is shown in Fig. 14 . With increasing heating frequency of the external heat source and temporal Knudsen number, the heating-influenced region becomes smaller. Furthermore, an appreciable surface temperature jump is obtained at a heating frequency comparable to the inverse of phonon relaxation time, which can no longer be described by the Fourier's law. This nonequilibrium phenomenon comes from the insufficient interaction between the heat source and the medium in such a short period of the temperature oscillation that the surface cannot approach the temperature of the heat source. It has a different origin but the same manifestation compared with the usual temperature jump due to small system size, which indicates the equivalent role of the temporal nonequilibrium effect to the spatial one in non-Fourier heat conduction. The amount of the surface temperature jump increases with the temporal Knudsen number, as further demonstrated in Fig. 15 . The phonon hydrodynamic model is capable of describing accurately these transient non-Fourier features at a temporal Knudsen number smaller than about 0.3. A surprising good prediction of the amplitude of the surface heat flux oscillation at the temporal Knudsen number even as large as 10 is obtained in Fig. 16 , similar to the result (cf. Fig. 7 ) in steady-state crossplane phonon transport through a thin film in Sec. IV A 2.
Heat conduction in a transient thermal grating
For phonon heat conduction in transient thermal grating (TTG) along a thin film shown in Fig. 11(c) , an initial periodic temperature distribution (thermal grating) is given as T (x,t = 0) = T m cos(qx) [84] , with T m the initial amplitude, and wave number q related to the grating period L as q = 2π/L. The TTG heat conduction is an intricate process as there exist cross-coupling thermodynamic nonequilibrium effects from both phonon-boundary confinement due to finite film 035421-19 thickness and quasiballistic transport due to finite grating period. They are characterized by the spatial Knudsen number Kn l = /d and inverse nondimensional grating period η = 2π /L, respectively [84] . Thus the theoretical modeling of TTG heat conduction is a challenging task, which involves a complicated numerical solution of the phonon Boltzmann equation in recent work [66, 84] . In contrast, the present phonon hydrodynamic model provides a simple and efficient avenue to this problem, through an analytical solution of Eq. (5) and Eq. (29) with the HFTR boundary condition. A fully diffuse surface is assumed for the thin film [84] .
It is reasonable to assume the temperature distribution along the thin film remains periodic throughout the decay process as shown in Fig. 11(c) . Due to enhanced boundary scattering of phonons near the film surface, the decay rate of temperature amplitude is smaller in the vicinity of lateral boundary. The temperature distribution along the cross-sectional direction will become nonuniform [66] . Thus the TTG heat conduction is a two-dimensional transient process, where the temperature distribution evolves as T = T (y,t) cos(qx) with T (y,t) denoting the amplitude of temperature distribution. The heat flux along the thin film is also periodic, yet with a phase delay behind the temperature distribution: q x = − q x (y,t) sin(qx) with − q x (y,t) denoting the amplitude of heat flux along the thin film. Due to the nonuniform temperature distribution along the cross-sectional direction, a heat flux is induced as q y = q y (y,t) cos(qx) with q y (y,t) the amplitude of heat flux in the cross-sectional direction. Substituting the periodic expressions of temperature and heat flux distributions into the phonon hydrodynamic Eq. (29) 
To avoid the numerical singularity in Eq. (B1) when η = η , the following scheme is constructed similarly to the solution for the fully diffuse case f (x)dx = f (x 1 ) 
where the discrete coordinate points are η j = (η 1 ,η 2 , . . . ,η n ) with n = N η , and a uniform integral interval is adopted: η = ξ/(n − 1). The integral function in Eq. (B5) is denoted fully as F int (η i ,η j ) = 
A solution of Eq. (B6) by matrix inversion gives exactly the numerical results of energy density distribution e * (η j ).
